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============

Variational inequality theory is an important branch in operations research. Recall that the variational inequality problem, denoted by $\documentclass[12pt]{minimal}
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                \begin{document}$\operatorname{VI}(X,F)$\end{document}$ is the box-constrained variational inequality problem (see \[[@CR1]\]), denoted by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\operatorname{VI}(l,u,F)$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document} $$\begin{aligned} \begin{aligned} &x_{i}-l_{i}\geq0,\qquad F_{i}(x)+y_{i} \geq 0,\qquad (x_{i}-l_{i}) \bigl(F_{i}(x)+y_{i} \bigr)=0, \\ &u_{i}-x_{i}\geq0, \qquad y_{i}\geq0,\qquad (u_{i}-x_{i})y_{i}=0. \end{aligned} \end{aligned}$$ \end{document}$$ Note that this KKT system is a complementarity problem in fact.

The box-constrained variational inequality problem has many applications ranging from operations research to economic equilibrium and engineering problems \[[@CR2]\]. However, some elements may involve uncertain data in practice. For example, the demands are generally difficult to be determined in supply chain network, because they vary with the change of income level \[[@CR3], [@CR4]\]. Moreover, in traffic equilibrium problems, the selfish users' attempt to minimize travel cost leads the equilibrium (or steady-state) flows to uncertainty \[[@CR5]--[@CR8]\].

For the existence of stochastic elements, the solutions of stochastic variational inequality problem would change with stochastic elements respectively. In order to meet the needs in practice, many researchers begin to consider the following stochastic variational inequality problem, denoted by $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} 0\leq \begin{pmatrix} t \\ y \end{pmatrix}\perp \begin{bmatrix} M(\omega) & I \\ -I & \mathbf{0} \end{bmatrix} \begin{pmatrix} t \\ y \end{pmatrix} +\begin{pmatrix} M(\omega)l+q(\omega) \\ u-l \end{pmatrix}\geq0, \end{aligned}$$ \end{document}$$ where $\documentclass[12pt]{minimal}
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                \begin{document}$\bigl({\scriptsize\begin{matrix}{} t \cr y \end{matrix}} \bigr) \in R^{2n}_{+}$\end{document}$ are vectors, *I* denotes an *n*-dimensional identify matrix and **0** represents a zero matrix with suitable dimension.

Before proceeding, we briefly touch upon earlier efforts about SVI($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$X,F$\end{document}$). For example, the expected value (EV) method \[[@CR9]--[@CR11]\] and the expected residual minimization (ERM) method \[[@CR12]--[@CR14]\] focused on minimizing the average or the average of expected residual. These methods needed the information of a probability distribution and focused on providing estimators of local solutions. In the spirit of robust approaches, instead of ERM or EV, we consider the minimization of the worst-case residual over a particular uncertainty set Ω.

By employing KKT system ([4](#Equ4){ref-type=""}), we give the robust reformulation of $\documentclass[12pt]{minimal}
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The organization of this paper is as follows. In Section [2](#Sec2){ref-type="sec"}, we discuss the tractable robust counterparts of monotone $\documentclass[12pt]{minimal}
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To begin with, we provide robust counterparts in regimes where $\documentclass[12pt]{minimal}
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In this section, we first consider the case when $\documentclass[12pt]{minimal}
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                \begin{document}$\omega^{2}\in\Omega ^{2}$\end{document}$. We now prove that robust problem ([6](#Equ6){ref-type=""}) can be reformulated as a quadratically constrained quadratic program (QCQP) or convex program with a conic quadratic inequality quadratic program \[[@CR17], [@CR18]\] under the different uncertain sets.

Theorem 1 {#FPar1}
---------
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Proof {#FPar2}
-----
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                \begin{document} $$\begin{aligned} &\quad\min\quad\quad z \\ &\mbox{s.t.} \quad t^{T} \Biggl[M_{0}+\sum_{s = 1}^{S}M_{s} \Biggr]t+ \bigl(t^{T},y^{T} \bigr)\begin{pmatrix} M_{0}+q_{0} \\ u-l \end{pmatrix} +\sum _{s = 1}^{S}t^{T}M_{s}l+a \leq z, \\ &\quad\quad M_{0}t+M_{0}l+y+q_{0}-\sum _{s = 1}^{S}\alpha_{s}-\sum _{s = 1}^{S}\beta_{s}-\sqrt{\sum _{s = 1}^{S} ( q_{s} )^{2}}\geq0, \\ &\quad\quad\sqrt{\sum_{s = 1}^{S} \bigl(t^{T}q_{s} \bigr)^{2}}\leq a, \\ &\quad\quad M_{s}t+\alpha_{s}\geq0, \\ &\quad\quad M_{s}l+\beta_{s}\geq0, \\ &\quad\quad\alpha_{s},\beta_{s}\geq0,\quad s=1,\ldots S, \\ &\quad\quad a,t,y\geq0. \end{aligned}$$ \end{document}$$ These complete the proof. □

We now consider the robust counterpart of ([6](#Equ6){ref-type=""}) defined by $\documentclass[12pt]{minimal}
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Theorem 2 {#FPar3}
---------
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We then give the equivalent component form of the second constraint in problem ([6](#Equ6){ref-type=""}) by formulation ([12](#Equ12){ref-type=""}) as follows: $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document} $$\begin{aligned} &\quad\min\quad\quad z \\ &\mbox{s.t.}\quad t^{T}(M_{0}+M_{s})t+ \bigl(t^{T},y^{T} \bigr)\begin{pmatrix} M_{0}l+q_{0} \\ u-l \end{pmatrix} +t^{T}M_{s}l+\sum _{s = 1}^{S}a_{s}\leq z,\quad s=1,\ldots,S, \\ &\quad\quad M_{0}t+M_{0}l+y+q_{0}-\alpha-\beta-\sum _{s = 1}^{S} \vert q_{s} \vert \geq0, \\ &\quad\quad{-}a_{s}\leq t^{T}q_{s}\leq a_{s}, \\ &\quad\quad M_{s}t+\alpha\geq0, \\ &\quad\quad M_{s}l+\beta\geq0, \\ &\quad\quad a_{s}\geq0,\quad s=1,\ldots,S, \\ &\quad\quad \alpha,\beta,t,y \geq0. \end{aligned}$$ \end{document}$$ Inspired by Case 1, we derive the conclusions of Case 2 and Case 3.
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                \begin{document} $$\begin{aligned} &\quad\min\quad\quad z \\ &\mbox{s.t.}\quad t^{T}(M_{0}+M_{s})t+ \bigl(t^{T},y^{T} \bigr)\begin{pmatrix} M_{0}l+q_{0} \\ u-l \end{pmatrix} +t^{T}M_{s}l+a\leq z, \\ &\quad\quad M_{0}t+M_{0}l+y+q_{0}-\alpha-\beta- \vert q_{s} \vert \geq0, \\ &\quad\quad {-}a\leq t^{T}q_{s}\leq a, \\ &\quad\quad M_{s}t+\alpha\geq0, \\ &\quad\quad M_{s}l+\beta\geq0,\quad s=1,\ldots,S, \\ &\quad\quad a,\alpha,\beta,t,y \geq0. \end{aligned}$$ \end{document}$$ Case 3: $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} &\quad\min \quad\quad z \\ &\mbox{s.t.}\quad t^{T}(M_{0}+M_{s})t+ \bigl(t^{T},y^{T} \bigr)\begin{pmatrix} M_{0}l+q_{0} \\ u-l \end{pmatrix} +t^{T}M_{s}l+a\leq z, \\ & \quad\quad M_{0}t+M_{0}l+y+q_{0}-\alpha-\beta-\sqrt {\sum_{s = 1}^{S} ( q_{s} )^{2}}\geq0, \\ &\quad\quad\sqrt{\sum_{s = 1}^{S} \bigl(t^{T}q_{s} \bigr)^{2}}\leq a, \\ &\quad\quad M_{s}t+\alpha\geq0, \\ &\quad\quad M_{s}l+\beta\geq0, \quad s=1,\ldots,S, \\ &\quad\quad a,\alpha,\beta,t,y \geq0. \end{aligned}$$ \end{document}$$ These complete the proof. □

Theorems [1](#FPar1){ref-type="sec"} and [2](#FPar3){ref-type="sec"} present an approach to seek robust solutions of $\documentclass[12pt]{minimal}
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Tractable robust counterparts of non-monotone $\documentclass[12pt]{minimal}
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Theorem 3 {#FPar5}
---------

*Consider the optimization problem* ([6](#Equ6){ref-type=""}) *with uncertain sets defined by* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Omega^{2}$\end{document}$, ([6](#Equ6){ref-type=""})* can be reformulated as QCQP or convex program*.

Proof {#FPar6}
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Firstly, we consider the first constraint in formulation ([6](#Equ6){ref-type=""}). Similar to ([8](#Equ8){ref-type=""}), ([9](#Equ9){ref-type=""}), combining with $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} &\mathop{\max} _{\omega\in\Omega_{\infty}^{2}} \Biggl(\sum_{s = 1}^{S} \omega_{s}t^{T}M_{s}t \Biggr)=\sum _{s = 1}^{S} \bigl\vert t^{T}M_{s}t \bigr\vert =\sum_{s = 1}^{S}t^{T}M_{s}t, \\ &\mathop{\max} _{\omega\in\Omega_{\infty}^{2}} \Biggl(\sum_{k = 1}^{K} \omega_{S+k}t^{T}M^{\prime}_{k}t \Biggr)=\sum _{k = 1}^{K} \bigl\vert t^{T}M^{\prime}_{k}t \bigr\vert =-\sum_{k = 1}^{K}t^{T}M^{\prime}_{k}t, \\ &\mathop{\max} _{\omega\in\Omega_{\infty}^{2}} \Biggl(\sum_{s = 1}^{S} \omega_{s}t^{T}M_{s}l \Biggr)=\sum _{s = 1}^{S} \bigl\vert t^{T}M_{s}l \bigr\vert =\sum_{s = 1}^{S}t^{T}M_{s}l, \\ &\mathop{\max} _{\omega\in\Omega_{\infty}^{2}} \Biggl(\sum_{k = 1}^{K} \omega_{S+k}t^{T}M^{\prime}_{k}l \Biggr)=\sum _{k = 1}^{K} \bigl\vert t^{T}M^{\prime}_{k}l \bigr\vert =-\sum_{k = 1}^{K}t^{T}M^{\prime}_{k}l. \end{aligned}$$ \end{document}$$ We then consider the second constraint in formulation ([6](#Equ6){ref-type=""}). Since $\documentclass[12pt]{minimal}
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Finally, in order to eliminate the maximum function, we add extra variables $\documentclass[12pt]{minimal}
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In this circumstance, we begin by simplifying the first constraint in problem ([6](#Equ6){ref-type=""}), according to $\documentclass[12pt]{minimal}
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We then give the equivalent form of the second constraint in problem ([6](#Equ6){ref-type=""}), according to $\documentclass[12pt]{minimal}
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Therefore, problem ([6](#Equ6){ref-type=""}) can be converted to a convex program as follows: $$\documentclass[12pt]{minimal}
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The core idea of Theorem [3](#FPar5){ref-type="sec"} is to derive the tractable robust counterparts of $\documentclass[12pt]{minimal}
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                \begin{document}$\operatorname{SLVI}(l,u,F)$\end{document}$. The case with uncertain *q* can be easily proved similar to Section [2](#Sec2){ref-type="sec"}, so it is omitted here.

Conclusions {#Sec4}
===========

We present the first attempt to give the robust reformulation for solving the box-constrained stochastic linear variational inequality problem. For three types of uncertain variables, the robust reformulation of $\documentclass[12pt]{minimal}
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